Abstract. Let G be a connected and non-necessarily compact Lie group acting on a connected manifold M . In this short note we announce the following result: for a G-invariant closed differential form on M , the existence of a closed equivariant extension in the Cartan model for equivariant cohomology is equivalent to the existence of an extension in the homotopy quotient.
Introduction
The Cartan model for the G-equivariant cohomology of the manifold M could be seen as the De-Rham version for the equivariant cohomology. Whenever the Lie group G is compact, Cartan proved an equivariant version of the De-Rahm Theorem, stating that the G-equivariant cohomology of the Cartan complex is canonically isomorphic to the cohomology with real coefficients of the homotopy quotient M × G EG [1] cf. [4, Thm. 2.5.1]. When the Lie group is not compact, the G-equivariant cohomology of the Cartan complex fails to be isomorphic to the cohomology of the homotopy quotient, and therefore further research is needed in order to find an explicit relation between the two.
In this short note we investigate the relation between the cohomology of the G-equivariant Cartan complex of M and the cohomology of the homotopy quotient M × G EG, and we show that indeed there is a surjective map from the former to the latter. In particular this result implies that for a G-invariant closed differential form on M , the existence of a closed equivariant extension in the Cartan model for equivariant cohomology is equivalent to the existence of an extension in the homotopy quotient.
Equivariant Cartan complex for connected Lie groups
Let G be a connected Lie group with lie algebra g. Let K ⊂ G be a maximal compact subgroup of G and denote by k its Lie algebra. The inclusion of Lie algebras k ֒→ g induces a dual map g * → k * which is k-equivariant. Therefore we have the K-equivariant map S(g * ) → S(k * ) between the symmetric algebra on g * to the symmetric algebra on k * . Consider a manifold M endowed with an action of G. The Cartan complex associated to the G-manifold M is
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where a runs over a base of g, Ω a denotes the element in g * dual to a and X a is the vector field on M that defines the element a ∈ g.
The composition of the natural maps
Let G be a connected Lie group with Lie algebra g, let k be the Lie algebra of the maximal compact subgroup K of G and consider a G-manifold M . Then the map
, we conclude that the canonical map
is surjective.
.1] whose elements are smooth maps
which vanish if any of the arguments g i equals the identity of G. The differentials d and ι are defined by the formulas
and
as in the case of the differentials in Cartan's model for equivariant cohomology [1, 4] .
, and the fourth differentialῑ :
where
• M has for image a homogeneous polynomial of degree l, then the total degree of the map f is deg(f ) = k + l. The structural maps d, ι,d andῑ are all of degree 1, and the operator d G = d + ι +d +ῑ becomes a degree 1 map that squares to zero.
The cohomology of the complex
will be denoted by
and in [3, Thm. 2.2.3] it was shown that there is a canonical isomorphism of rings
Note that there are natural maps of complexes
inducing an isomorphism on its cohomology groups
This isomorphism follows from the fact that the inclusion K ⊂ G is a homotopy equivalence inducing a homotopy equivalence
and the fact that
for any connected Lie group G.
Filtering the double complex C * (G, S(g * ) ⊗ Ω * M ) by the degree of the elements in S(g * ) ⊗ Ω * M we obtain a spectral sequence whose first page is
the differentiable cohomology of G with values in the graded representation S(g * )⊗ Ω * M . Note that in the 0-th row we obtain
The same degree filtration applied to the complex C * (K, S(k * ) ⊗ Ω * M ) produces a spectral sequence which at the first page is
, and since K is compact this simply becomes
The first differential of the spectral sequence once restricted to the 0-th row E * ,0 1 = Ω * G M is precisely the differential of the Cartan complex; therefore we obtain E * ,0
but in this case the spectral sequence collapses at the second page and the only non zero elements in E ∞ appear on the 0-th row E * ,0 ∞ ∼ = H * (M × K EK, R). The canonical map between the complexes
induces a map of spectral sequences E • → E • , and we know that at the pages at infinity it should induce an isomorphism E * ,⋆ ∞ ∼ = → E * ,⋆ ∞ . Therefore the map E * ,0
2 → E * ,0 2 must be a surjective map, and hence we have the canonical map Ω * G M = E * ,0
1 → E * ,0 1 = Ω * K M inducing the desired surjective map in cohomology
Finally, from the previous theorem we may conclude:
Corollary 2. For a G-invariant closed differential form on M , the existence of a closed equivariant extension in the Cartan model for equivariant cohomology is equivalent to the existence of an extension in the homotopy quotient.
